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.f 7OC?0 CiBSoldB and Conchoids 

TkB eaurly BBOond OBntury B.C. gavB us the namss of thrse 
mathsioatiolans, Hypsiolss who addsd ths fourtssnth iDook to Suolid* 
Blsments, Dioolss who inysnted ths iry shaped ourre, the olssold, 
and Vlohomedes who invented the mussel-shaped ourTe,the oonoholdA. 
The date of Dlooles oan "be determined hy two facts only, that 
Oemlnus knew the oissoid hy name, and that Diodes llred after 
Archimedes for he wrote a commentary on his work. (2) The work 
in which this occurs, also contains a definition of the cissoid. 
Let AOA* and BOB* be two fixed dlcuneters of a circle at right 
angles to each other. Draw two chords QQ* and RR* parallel to 
BOB* and equidistant from it* Then the locus of the intersection 
of AR and (^t^* will he a cissoid« Its equation can he expressed 
In the form y(2a-x)sx« This curve was used to duplicate the 
cuhe* 7or, if OA and OE are the two lines between which It is 
required to find the geometric means, and if A*S cuts the cissold 
in P, and AP cuts OB in D, then OD-OA.OB. OD is one of the re- 
quired means* (#3 

Probably at the same time as Diodes Flchomedes in- 
vented a curve called the conchoid. The conchoid was known to 
Oemlnus in 70 B.C., and Butocius says that Vlchomedes made fun 
of Xrastosthenes aesolabium and said that his own was superior* 
Probably Xrastosthenes had not been dead a long time. The trea- 
tise in which Vioomedes discussed the conchoid is known to us 
l*6all, History of Mathematics p#78. 
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from Xutooius* oomm^ntary on th« duplication of th« oub^, from 
?appu0(4), and two or thre« remarks of Proclus* Th« oonohoid ia 
a cuTT^ suoh that tha straight lina Joining any point on tha 
ourra with a given point ia out hy a giren straight lina so that 
tha aagmont hatwoon tha curro and tha giran straight lino is of 
a giran length. Viohmedea invented a little maching'^for desorih- 
ing it« AB can te mored horizontally on SB to which it ia con«- 
fined with a hutton^C sliding in a groTe«(f igtl) AC is constant 
in length* Point X is called tha pole» 




^v 



The method of the duplication of the cuhe hy means of 
thw conchoid ia as follows* Let AD and AB (rig»2) be the given 
straight lines between which we want to find two mean proper* 
tionals* Place these at right atngles and complete the rectangle 
B.Oow, History of Mathematics p«269« 
3«V*V.R«Ball, Short History of UaUiematics p«85. 
4 .Cantor, Book 4,pp344-246« 
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ABCS. Bxtend BC to V, making BN^BC, and Join V to D, bis^oting 
AB in L» BiBOOt BC in X and draw TBf at right angles to BC, so 
that TC^BL. Join H to T, and through C draw CT parallel to S7. 




7rom 7 as pol« with CT as f lx«d axis and BL as lenghh of ths 
oonstant ssgmsnt desorilss a oonohoid cutting NB in K* Join K 
to D) and 1st KD intsrsset AB in M. Than A3f and CK are ths 
rsquirsd msan proportionals* Vor "by similar triangles 

ma/ad«dc/ck, 

therefore 1IA«AD.DC/CK; 

andAD.lX5=NC."BL. 

Therefor MAsNC .TK/CK. 

But BC/CK-FT/TK, 

therefor llAsFT, 

and TK-ET-i^ABBML. 

By Euclidll 6, FRaBK.KC-CT^ 

and ICL-BU.UA-AL'^ 

therefor BK.KC-CI'^-BM.UA-ALt 
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But Cy^AL, 

therefore BE.KC^U.UA, 

and B1I:BK::KC:MA, 

iDut BM: BK: : CD: CK: : AMi AD? ^ 
thw^fore CD:CK: :CK:A1I: :AM:AD. 

Th9 oonohold was also used to so1t« th« problm of th« 
trisect ion of a giron anglo* Proolus eays Hioomodos solrod tho 
problex&i but ?appue claima to hare BOlrad lt» Let ABC bo tha 
angle to be trieeoted. Trom A draw AC perpendicular to BC« Com* 
plete the parallelogram # From B ae a pole with AC ae fixed line 
and 2AB as the constant distance describe a conchoid which shall 
meet LA produced in B. The line BE cuts AC in D. Bisect DB in V 
and join A to V. AN^OI^AB* Triangles KBS and AHB are isosceles* 
Therefore the exterior angle kSQ^ZkES^ZBBC ^ and IkSTB^lkTfS^^lZSBC. 
(fig.3) 




fig* 3 
Inthis paper we shall study the cissoid and Its special 
case the conchoid and the applications of these curves to geome- 
try and mechanics • 
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Chapter 2 
0«n«r al izat 1 on 

In th« pr«Tlou0 ohapttr w« oon0ld«r«d Diool^s* dtflnltl 
tloa of th« oissoid. Tor tho purposo of this papor wo shall 
dofino tho oissoid as a ourro whoso oonstruction doponds on two 
glTon curros T and T* and a fixod point as a polo; tho radius 
Tootor from hoing tho diff oronoo hotwoon tho radii rootors 
from to T and T*. Vo will ooasidor tho oasos whon T is a 
straight liao or a oirolOi and T* a oirolo through 0, also tho 
caso whon T* is a circlo with its oontor at 0; tho ourros of 
this last oonatruotion aro oallod conchoids • 

To draw thoso curros tho ancionts ordinarily applied 
two methods I ono goomotry, tho othor kinematics • Tho geometrical 
method can he diridod into plane and space curros* The ourro 
will he found by construction from sisqple elements or as a sec- 
tion of a known surface^ such as the conic section of the circu* 
lar cone* In the kinematioal method the motion of a pointy line 
will bo considered and defined^ and the position of the element 
fixed** To these we can add a third method which belongs to a 
later day^ the analytical method* One giros to tho defined func- 
tion certain properties or requires the fulfillment of certain 
relations between giron elements of the curre* These require- 
montSy analytically formulated^ lead to the algebraic equation 
of the curre* These methods are naturally not sharply separated* 
* Vieleitner ppl^2* 
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V« will btgln with a T«ry simple ooaBtruotion ^by which 
a gr«at family of outtos can \)B drawn • V« hmrr% giTtli two ourroa 
T and T* and a point in any poaitioa* Draw through a lino 
which cuta T in P, T* in P* « On mark off OQsO?-OP* for all 
points P and P*» MOYO G about bo that (^ doacribos a cutto C 
which ia callod tho cioaoid of T and T* with rospoot to 0. Tbon 
thl cisaoid ia formod by tho aubatration of tho radii Toctora 
of tho two giTon curToa# Vow Join tho finite intoraoctiona R of 
T and T*| then tho linoa OH are tangont at to tho oiaaoid C. 
If T and T* aro currea of tho ordor m and n| C in gonoral haa a 
mn^triplo point at 0«Lot a bo tho number of poiata of Intoraoo-^ 
tion at infinity • Lot T go through b timea; T' through d 
timea« Under thia hypotheaia ia of order (mn*bd-a) for C. To 
determine the ordor of C, find the number of the pointa Q which 
lie on Q. Thia number ia aa large aa the number of combinationa 
of the (m-b) pointa of intoraootion of P with T and the (n-d) 
pointa of interaoctioa P* with T*^ or (m*b)( n-d)» Jurat aa we 
determine tho order of tho point P, we get the order of C. Thua 
we get the atatement: the ciaaoid C of two ourToa T and T* of 
order m and n roapectiToly which go through the pole b and d 
timea and have a pointa of interaection at infinity ia of order 
r «2mn* ( bn^dm«^a ) 

Thereia a aimple method of drawing the tangent to C 
when the tangent a of T and T* are known • Let T and T* be giTon 
in polar ooordinatea and the equatlona of the aubnormala are: 

(T) 8^- dp/d© 

(T*) S^ - dp/d©- 

Digitized by V:jOOQIC 



/k. 



Digitized by 



Google 



Por C f> -p^- (^, ^ and 

The polar Bubnormal of the oissoid of two ourres is 
equal to the dlfferenoe of the polar suhnonnalB of oorresponding 
poivts of the two ourree* Consequently the normal and tangent 
to C are eaeily oonstruoted. The oiurrature of C Is also known^ 
if the ourTature of T and T' are known. 7or then it is only 
necessary to be ahle to construct the radius of curvature R« 

L«t 0P(flg4) sft OH:p*, th«n MPs(^*'-^")xa. Draw UB perp«ndlou- 
lar to MP; th«a OB-f/f), BP-(p'--,i')/p.b. Prom {!») 

CPp R, CU*« MC and M*A i8 parallel to CB^ oonsoquoatly AB«b4(^ 
(a-B)/^ and OA-^**. 




If on the other hand 



1 1 



l8 glren, then we need only 



to oenneot B with the middle point V of MA to obtain the center 
of otirTature of C. Tor the ciesoidp* *-nJ *- p', * t ^^^ radius of our' 
rature R and R of T' and T can he oonetruoted, and R can be con- 
st ruoted. 
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Th« oonohold is merely a Bpsoial oass of the olBSOld. 
ConBlder two planes K and K' plaoed one on another. In K let 
there l^e a fixed point and a fixed ourre T, in K* a line 
and an it two fixed points P and (^ at a distance 1. How more K* 
along K so that always goes through and ? slides on T^ then 
the point Q describes in K a oonohoidm of C« And each point of 
G deswlihes a conchoid of T« The defined sliding of the two plane 
along one another is called conchoidal. 

The sliding of a plane on another plane when K is 
identical to K* must he considered* Such a construction is de- 
pendent upon three constants. Ve can assign to each point a giren 
position and turn the planes about the point. Should the motion 
also be determined so that each point of K* describes a line or 
trajectory in K, then we have determined two conditions. In this 
way we can get in the simplest cases (1) the trajectory of two 
fixed points of K* in K, (2) the trajectory of a point and the 
enTelope of a curve of K* in K, (3) the euTelope of two curres 
of K* in K. 

To understand the laws of such a sliding of one curre 
on another it is necessary to consider the motion as taking 
place discontinuously. We are giren two points A and B of K*. 
Consider the initial positions A^and B^ in K and a second posi* 
tionA,B| . (figS) Consider the displacement of Apand of B^ . Draw 
A^A.and B«B,and construct perpendiculardjto the mid points of thes 
lines. Their intersectton U is the intersection of two concen- 
tric circles. A mores on a circle whose center is M ^ B mores on 
a circle whose center is U. Tricuigle A^B^'^is similar to triangle 
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A^B,M,a8 thr«« sides are equal* Therefore angle x eqxiale angle y 
and angle x plus angle a le equal to angle y plus angle a« There* 
fore the angular momentuia le equals and we oan say that erery die 
plaoement in the plane motion ie a rotation* (Poinsot*8 theory of 
displaoement.) The trajectories of all points of K* are oonoentrio 
circles* 



Consider the position of the points A^B, , A,B^ •••• as 
infinitely close together so that A and B as well as all the 
other points describe a plane cturve* Then the perpendiculars he- 
tween two consecytire positions of A lies on the normal to the 
trajectory. The point M where these perpendiculars meet is 
called the instantaneous center* 

A second property is stated as fellows: any motion in 
a plane can always he generated hy the rolling of one oiirve on 
another* Think of a hody that luidergoes a succession of displawe-* 
ments* Let the first displacement take place ahout C,as a center, 
the next about C^^t ^^^ third about C'^**..* These are the points 
in space* C,is also a point in the l^ody, the angular displacement 
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l8 0. CJ^ C^* ,C^ , (f ig.6) art points in th« t)ody that beoomt o«n* 
ters of rotation* Inoraast tha nvm bar of aidea of tha polygon 




Indaf Initaly and wa get a amooth curva that ia known as the 
pole curve • In meohancta tha polacurva is usually known as the 
body eentroda, tha space curve as the plane cent rode. 



Digitized by 



Google 



Digitized by 



Google 



/' 



Chapter 3 
8p«oial CaseB of CissoldB 

P«dal CurYBS of Conic Sections 

To ol^taia epooial cieeoidai we will take ae the ori- 
ginal ourres two oircle»'E and K* with radii r and R, with the 
pole on K. Each circle has two points at infinity, and the 
order of C, according to the method in the previous chapter , is 
2«2.2*(24*2)M. The centers M and M*(fig«7) have respectirely 
the coordinates (iPiiq) and (m|0)« 

OAs^ip 

OA cos.e « OE 
HA sin.esAB 

Therefore ODci^, -^pcos*© 4- iqsin.©^ 
therefore (K)p, = pcos© f qeinQ* 
Similarly for K» , 



/D^* mcos© +Vr'*- msiril&. 
Since the polar subnormal of two curves was shown in chapter 2 
to he equal to the difference of the polar subnormals of the 
corresponding points of the two curres^ we have p -(m-*p)cosQ** 
qpln© ifR^- M'^Binel 
let EgxJ^aV7'b-l*0 . 

This becomes the equation of an hyperbola if ib be Substituted 
for b. Drop perpendiculars from to all the tangents of E. The 
foot of these perpendiculars form the pedal curve 7 of E with 
respect to 0. Let u be the eccentricity of the ellipse; then the 
equation of the tangents -aive is 
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(1) xcoc|u/a V ysinu/t) - 1 - 

The equation of the perpendioulctr from is 

(2) (x-<^)/b8inu - (y-/3)/a oobu - 0. 
Sllminata u from (1) and (2), and we obtain 

(3) V fi (xS y"-(ocx fpy))"- a'Cx -o^) - D^ .^) 
whloh ia the equation of the desired pedal curve* 



- 0. 




fig- 7. 

Move the origin to and the equation of 7 'becomes 

(3») (xV) ^ 2(c(x^py)(xV) + (o^-a)x% 2ocxy^ (^ -bV = 0. 

Transform to polar coordinates 

(4) ^p -(otcos© - ^sinGUJa-fa"-- l^lsin©* 

T is identified with C when we placeotvp-m; /3s q; a « R;b=yR-ml 

p xo^^e; q « ^ ; m « ^e. Therefore each pedal curve of an ellipse 

or hyperbola can be considered a cissoid of two different circles 

with the pole on one of the circles* 
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The pedal curve may aleA take the form of a tlclrcu- 
lar rational quartlo Q. Thla oonetructlOn comee from the conio 
eeotion E* hy circular iaTereion (traaef ormation of reciprocal 
radii) from the point C. Let A te a point of E*, A* the conju- 
gate on AO refered to the circle of inrereion M« A* deecrihee 
the quart ic Q. T I0 the polar of A refered to If* Therefore T 
goee thrpugh A* and is perpendicular to 0A« T touches the polar 
reciprocal cuttliog OE of B' refered to M. Then Q is the pedal 
curre of E. To js^neralize we obtain from figure 8 the statement; 




fig.8. 

inverse of the polar reciprooalE' of E refered to a circle M 

with its center at 0. 

Therefore fvom figure 9 we get a direct geometrical 
explanation of the cissoidal construction of the pedal curves 
of conic sections* Let E "be any curve. P describes the pedal 
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curY« cf E refered to the pole 7. I0 another pole; Q and P 
are feet of perpendicular 8 to a tangent of E. Ao ia perpendicu- 
lar to EP. Therefore QO - EP - FA. A morew on the circle OE 
which cute B. Therefore the pedal curve R with pole at of a 
curve E is the oieaoid of the pedal curve E with respect to the 




fig-9 

pole E and cutting circle C. If E ie a conic section, and E a 
focu8|P ia a point of the major auxiliary circle* And we have 
the ciaeoidal conatruction of H on two circlee* 

We can obtain hy the geometrical method the pair of 
circles of the pole heloniring to the conic section and vice 
versa. Let the pole inside one circle, and the pedal curve is 
an ellipse; if it lies out side, the pedal curve is an hyper- 
bola. A study of figures 10 and 11 will make this clear. The 
circles are so chosen, that they cut each other in real points. 
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Th« analytical meaning is that the dieorimant D of the expree- 
eion ( - a)x - 2 xy - ( - b)y is positive. Therefore D • ah. 
( /a - /b - 1). Ab a result 0( , ) does not lie inside the 
ellipse X. If the circles are tangent, there is a cusp inside 
the ellipse, outside the hyperbola. 




fig. 10 




fig^ll 
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ThiLemniBoate of Booth and Born«ulll. 

▼e get wollknown types of the pedal ourvee when (1) 
we give epeoial poeltione to the pole, (2) when we take epeoial 
conic sect ions as the base. Take the middle point of the ooaio 
section ae the pole. The curre is then eyxnmetrioal to both axes 
and is called the lesiniecate of Booth. Its equation le ( * -0) 
(1) (x t y) - ax ♦by. 

Then p m m s i_e, q « 0, R = a, r - ie; and the center of one 
generating circle is at half the focal distance, the center of 
the other circle, M* , is at the focus, (fig.12,13) The second 
of the pairs of circles is symmetrical to the conjugate axes. 
Take any line OQ » 0?* - OP, and the middle point V of Pq from 
m has the constant distance j^P*U* - ^a. Draw a circle with its 
center at II and with thwe radius ia, and call the second point 
of intersection of OV with the circle F* . Then we get a Booth 
lemaiscate, if we extend as radius rector the chord OP{then 
subtract the distance OP to obtain the point q. As the radius 
▼ector is rotated, Utiepoint % describes a Booth lemniscate. 

The tangents of the double point (fig^lS) are giren 
by the equation ax - by - 0. They lie to the conjugate axes 
as the asymptoteACx^a^ - y)^^- 0)lie with reference to the hyper- 
bola's major axes. They are imaginary in the case of the ellipse < 
Beth the tangents at the double point (ax t iby ^0) intersect 
in four coincident points, and the equation is of third order. 
To get the two other double points we must examine the imagin- 
ary circular points J and J*, and transform thw equation (1) to 
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fig. 13 
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the n«w triangle of reference OJJ*. Place 

J.T « X ♦ iy » 1 . 

0J« - X - iy =*> . 
, JJ' » z - ■S(-l). 
Then eqimtlea (1) heoomes 

Th« highest pewers of and give the double peiats &t J and J*. 

These are 4 - (a - b) - and 4*(a-h)-0er 

(2) 5 - X ♦ iy » H« 
n - X • iy - iie. 

^ * and^«- when a'"- h^ Dividing (1) by the factor (x*4 jrO , 
and placingji- iie ^in (1*), we get the faotor S three timee* 
Te get the four points of intersection of the tangent^e of the 
double points with the curve, the eqioation is e(a^- b)][i4(a4-b)^0, 
which is satisfied when T^O and when a^^-b^ The pedal curve of 
the equilateral hyperbola with the equation 

(3) (x"4 yT' a(x". y) 
or in polar coordinates 
(3^) f - a^cosae 

has three points of inflection, two of which are at the imaginary 
circular pointSf This is known as the BernmAlli lemnisoate. (fig* 
13) • The Bernoulli loniniscato belongs to the family of Cassirii 
ovals • • 



• Salmon , Higher Plane Curves ,p.42. 
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Quartics with Three ?olAt8 of Inflection 

The Bernoulli lemnisoate is related to all oxuttos of 
fourth order which have three points of inflectioa. The family 
of curres has a group of common properties. These quartics are 
proJectiToly related. Let the triangle of inflection O^yCt^Qs, be 
the fundamental triangle for the homogenkouv' point coordinates 
^1^X3, line cooerdinates u^u^u^ Draw a polar triangle of a conic 
section H, whose eqxmtions in lino and in point coordinates are 

(1) H ro/,u, ^o*^u^ +°<3U^= 0^ 
H -o<]x," 4o^Jxt 4-0(3X1- 0. 

Draw the pole P of the fundamental triangle to each tangent T 
of H. This pola describes a curre of the desired kind. 

If T has the coordinates T^fy^^r^^ and if we use the 
fundamental triangle as a cicrve of third order with the equation 
^i^u^* Of then the coordinates of ? are 

(2) Ox.r v^v/, ©x^. T^v, ; Ox^= T,V^. 
7rom (2) we i7et 

(3) ^r « ®3C^*3C^X3; T;^ m Ox,x~x, ; v/ « Ox,x,xV 

Place these ralues in (1)| we get the equation of the curro 
desorihed "by P, 

(4) Q «a?c^3C3-o(^x;x;.o^,xX" ^0 

The curve (^ has at the vertex adouhle point with a pair of 
tangents o(,Xa%*cy^x*- which cut the curve in no other point. 
Xach tangent is a tangent at a point of inflection. The same is 
true for the other vertices The equation of the curve Q, if 
placed in the form 



(4«) q »o(.x7fo(Xx ^<^^7 * 
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becomes by means of the quadratic transformation the conio 
seotiorii B' - o<,x, + ocjx^ 4*0^^ x,^- 0. This conio section F^which has the 
fixndamental triangle for the polar triangle is the polar r46ip- 
rocal of H in relation to a third conic section X cf the kind 
whose equation is x.4*x^4 x^^ 0. The curve Q has four double 
tangents.* 

If Q is real, the fundamental triangle is real in 
order that the coefficients should bo real and not all of the 
same sign. But only two points of inflection can have real 
branches. The third is necessarily isolated. 

Let X, s X s 0| x^« y « be two perpendicular axes^ 
and let x - z - be the infinitely distant line. Let the conic 
section be an ellipse 

(5) 1 5 xJ'm^yX- 1 = 0, 
such that 

oc,» a^ oc^» b^ o^-j*- -1. 

Draw a tauagent T from I to the axes cutting at p,q, 
80 that the pole P has the coordinates -P|*q. The generated 
cuTTO is called the ^'cross curve.** Its equation is 

(6) 3^*^ ay*4 bV 

This has as the construction shows (fig. 14) an infinitely dis* 
tant double point and the asymptote x ^ i-a, y - ib. 
Take the same axes, but use the hyperbola 

(7) H s xV- y7^- 1-0 

as the fimdamental conic, and we obtain the ** Eohlenspitne" 
curve. (fig. 15) It has an infinitely distant double point and 
*Yieleitner *'8pezlelle Kbene Kurven** p 16. 
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asymptotes x » ^ a. At ths srlgia ths asymptotss of tha hyper- 
*bola ara tangent a. Ita aquatiea ie 
(8) xyray-bx. 




Fig. 14 

Thxeugh the interaeotiema ef the tangenta te a oealc 
eeotiem with the axev-ooaatruct a parallelogram whoae sidea 
are parallel to the axea. The vertex P* %§ the parallelogram 
deacrihea a oroae oirrvo if the oonlc ia an elllpae, a Xohlen- 
spitze curve if the coaio ia an hyperbola. 

If wo take the lines x « 0, y s ^^y . ^v, as the 
sides of the polar triangle , and use the hyperbola x/a-y/b«l 
as the conio section, the equation cf the hyperbola becomes 
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(9) x/ft'"- l/21?(y V^))"- l/2b-(y -bf = 
suoh that «=*^»-*r ^•■" **** -21)^ Th« quart io will "b* 

(10) a''(y'-- -b^) - 4t"x*(y% ^) = 0. 




fig, 15. 

Th« ottnBtruotl«a of this curve which is called the 
hour glaes curve is made as fellowe: gives an hyperhola and the 
pelar triangle,x -0, y-h, y--^. Any tangent te the hyper- 
bela ferms with the two parallel limes and the intereeotiag 
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axis a trapezoid* The iaterseotiem P* ef th# diageaals of tho 
trapezoid dosori'boB tho *hour glass** oijutts. Tlg^ie. 




fig*16. 
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Th« Pedal Curres ef th# ?«rab#la. 

▼• caa •'btaia th« padal ourve •f th« parabala by th« 
ooaatruoti^a ef th« p^dal oury^a giren la chapter twe, if we 
uee a straight liae instead ef the circle K* with the radius 
R ea which the pele dees net lie. Ye may ceasider a circle 
ef iafiaite radius. Let m - R * k(fig« 7), aad let m heceme 
iafiaite as R becomes iafiaite. Then the equatiea ef the circle 
K* is 



(1) ^^ - mcesi i/R"^- oj^sia©. 

If we extract the root^ placing m » k 4 R^and let R become ia- 
fiaite, the equation ef the liae at the distance k from is 

(2) p^ * k/cesO. 

The equation .of the circle K is 

(3) pt » pcosO 4 qsinO. 

From these equatioas we get the polar equation of the cissoid 
of the circle and the liae with the pole on the circle. 

(4) />,- (>,» (0» k/cosO - pees© - qsin©| 
or in rectangular coordinates 

(4«) x(x"4 y) « (k - p)x'"- qxy • ky'^. 

This is the common circular cubic with double point at 0.* 

To determlae the conic section to which this belongs, 
let Qt«-o^, (J»4$ a-<**, b«<*o^ a4«t«p-k, Q/^e^p. 
This is a parabola with the rortox 8(xrk-p, y&*q) and 
the focus V (x « -p, y » -q), where k is the distance from the 
vertex to the focus (fig. 17). Its equation is 

(5) (y * qf 4 4k(x + p . k) m 0. 
• Wis leitner p 36. 
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Th« culDio (4*) has th« lla# G (x • k) as aa asymptote • 
This outs ths ourys in a polat H (y«- Iqp/a) which is oallsd ths 
priaoipal point. Tho roal intoreectioa of tho othor asymptotos, 
tho foous B of tho ouryo, is ic « -ip, y « -iq. B is tho middlo 
polat of tho lino hotwooa and tho focus 7 of tho parabola; OH 
is tho taagont to K and is porpondicular to BO. To can wrlto 




fig. 17. 

(4») la tho form 

(4#) (x • k)((x fip)^* (y 4 iqf)+ (Irp - r)x * kqy 4 kr^-^ 0. 

Draw a oirclO|(x 4 i^p) 4 (y 4 iq) « Ii, about B as oontor and wo 

got through tho two f Inlto points of Intorseotlon of this oirolo 

with tho cubic a lino L(x - k) 4 (kp - ip*"- iq)x-kkqy4ik(p"4<f)*C, 

which is tangont to tho oirolo and goes through H. In^ this way 

wo got a shoaf of conoontrio circlos about B and a projoctivo 

Digitized by V:jOOQIC 



Digitized by 



Google 




fig. 18. 
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8h«af of lines thxGUgh H. 

Th« first special oase of the perpendioular of G and 
K is this: the fost of the perpendicular frem to Q lies on 
C The resiilting circular cuhic has the characteristic that a 
tangent at the double point is peirpendicular te the asymptote. 
The rertex of the parahela lies on the line x - k - p - 0. The 
curre is the pedal curve of the parbola from a point en the 
tangent to the rertex, and is called the Ophiuride. (fig«18) 
If becomes tangent te E, so that OA is the diameter efK, is 
the rertex of the parabola, and the Ophiuride becomes the clssold 
of Diecles (fig*19). 




fig.l9 
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AA«th«r Bpeolal p«8ltl«m Ib for to go through tho 
oontor M of K« Tho o^jrro £b thorn opoclalizod bo that tho tangento 
at itB douhlo point are porpoadtoular to oaoh othor* It ia oallod 
the Stropholdo. Tho fooua B Ilea oa tho curvo and lioo on tho 
directrix of tho parabola (fig. 20). Draw through B a liao cutting 
tho ourro in A and A'. Tho intorBoctionB of OA, OA* with K aro 
C and C\ with 6,D and D* « It ia oridont that triangle OAB ia 
Bimilar to triangle CDM, and triangle OA^ ie similar to C*D'M. 
Therefore CMC' ia a straight liao and OA is perpeadicular to OA*. 
Let N he the intorsootion of AA* with D* AIT ^ A 'XT. Ve oan con- 
struct tho curTO as followa* Oiren an angloBOE. Take any liao 
throiigh B which cuts OE in N. KA ^HA* ar NO* A and A' doBcri"be 
tho stropholdo. The strophcide is syininetrical with respect to 
the line BM (fig. 21) when OMis perpendicular to 6 and is called 
tho right strcphoido. It is the pedal curvo of a parabola for the 
ilitorsectioa of tho directrix and tho axia. Its eqiiatiea is 
( pa 21c * 2r; q * 0) 

(6) x(xS /) . r(y^. x^ . 

Another special case of tho position of G and K is to 
hare H tangent to the circle E. In this case tho curve has a 
cusp at 0, and tho parabola goes through 0* Expressed geometric- 
ally K-^p-^p-q. The oqvmtion of tho curve is 

(7) x(x^f y) « k(y - xq/PJk)\ 

The curve is called the oblique cisscid (fig.22) as opposed to 
the cisscid of Siocles which is often called simply cissoid. Tho 
oqxAation of tho cissoid of Diodes is 

(8) x(x% y") . 2ry^. 
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fig. 21. 
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fig. 22. 
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Ia equation (4#) interchange the ooef ficiente of x and 
y, and we get the expreesions kp s r% and q ^ 0. The ourre will 
hare the equation 
(9) 2x(x''4. y) = r(y^- 3x*), 

where p « 2r and k ^ i-r • The tangent at the double point xoakee 
an angle of 12C degrees. The curve ie called the trieeotrix of 
Mac Laurin(f ig23) • Transform (9) ahout B as center^ and we get 
(9») (2x - 3y)(x% yf) * *' « Oi 
or in polar coordinates 
(9#) 2^cos© 4 ZpT - r^= 0. 

But cosd » 4cos -3O - Soosie, and we can write (9#) as follows: 
e^^cos^O - 6pcos-^ 4 3^r - r^- 0* This has the factor (2/)C0S;^©-r) . 
and equation (9#) becomes 
(9") - ir/cosi©. 

Vith this curve we can trisect a desired angle 0* Place the apex 
of the angle at B, so that one side goes through the vertex S 
of the cubic and the ether cuts the cubic in A* Erect at 8 the 
perpendicular to the polar axis and mark off on this perpendi- 
cular A8 such that BA* • BA «. ^ • Since BS -• ^r^ BA ' - /^ - ^d^osSBA' 
therefore angle 8BA* s-^^. The trisectrix of MacLaurin is the 
pedal curve of a parabola whose focus is \t to the left cf 8| 
and whose directrix goes through B, and B is as far from as 
the focus is from the directrix.* 



*Wleleitner p 44. 
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fig. 23. 
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H#a*oiroular RatisMuL Cublcs as Ciastlda* 
Ya hava c«aaidared tha ciasoida whose baaa ourroa 
wera alther oirolaa at atralght liaea. Vow wo will ooaaldar 
the oaaa when the baao oiirraa are a conic saotioa G* and a 
straight line a^ tha pole l^^iihg oa G*« Tha aqiaatiaaa are 

(1) 5 X - k * 0| 

(2) a^W (y • ax f a)(y - ax ♦ h) • ah « 0; 
or ia polar coardinatea 

(l^) ^,- k/cea© 

(2«) p>s -((a > h)siAO - (am f ho)coae)/(sia0-ecosO) 

(siaO • aoosO)« 
The squat iaa of the eissoid of and 0* ia 

(3) f ^ p,- p^ » k/cos0 4 ((a4h)aia©-(an4be)oos©/ 
(sia© - scosd)(sind • aossd); 

or ia rsotangular coardinatea 

(3») (x-k)(y-ex)(yax) w (afh)xy - (an4he)x. 

This is an equatiaa af a cubic with a double paint at 0. Tha 

lias a is itsslf an aaypipt*tsp ths other asymptstes ars 

y * ax - a p and y • ax - b « 0« 

Ye will coaaider three caaea ^ Oaa an hyperbola ^ par- 
abela, and elllpae. The curres are all ayiametrical; the pole 
is at the vertex of G'« The equation of the conic section haa 
the form 

(4) y*'« 2px 4 qxt 

for the ellipse p m -b/a, q » -b/a^, a • p/q, b « -p/q, 

qv 1 « e/V s e# Tor the hyperbola b « ib; for the parabola 

q j» 0. G keepa the same equatioa. The equation of the ciasoid 
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(5) (x - k)(y''- qx) * apx''* 0. 

Im the first oase we define the ourve as fellews: 
glrea a circle with radius Ok ^ x; frem A strike twe arcs such 
that AC s 2AB - 2rw idiere w is the central angle of AB(fig.24)« 



fig. 24 • 

The tangents to A and C intersect in a peint P ef the curve # 

This is the trisectrix ef Lengchamps. Its pelar equation is 

(6) fy ces3d « r, 

er in cartesian coordinates 

(7) (x f-^rXSy"- x^ f'^xx''' 0. 

The line has the equatien X & -ir; the hypertela 0» the 
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•quAtiea y^sJ^rx 4>-^x. Besides tht oiirre has twe asymptetsSi 
(x -^r) £ y)f3 - 0| whloh ars parallsl t# the asymptstss sf 0* 
aad form with G an squilatsral trlangls. Ths cutts has three 
cengruent branches, which divide the circle iate three arcs 
ef 120 degrees each. is an iselated pei^t ef the curvet The 
tangents at are the lines x^4 y^« 0; is a fecus ef the cuhic. 

The second case was also constructed by G« do Long* 
champs and was called the mixed cubic* L. Renkel worked earlier 
with the same cubic and called it the tangent curve of the 
parabola. Ve shall call the curve 8 the tangent curve of a curve 
s*. The construction is as follows. Draw a tangent T to any 
point A of 8. The intersection of A and a line parallel to T 
passing through the origin is a point ef the curve. If 8 has 
the equation 

(8) y « f(x), 

the equation of 8* will be 

(9) y • 3Cf "(x). 

In this way we got the equation of the parabola P, 

(10) y% 2(x - k)p, 

and the equation of the tangent curve 

(11) (x • k)y*- ipx% t). (f ig.25) 

The third curve does not come in general from a geo- 
metric definition, bi?t it has a certain historic interest. 
Its equation is 

(12) X 4- y « 3axy. 

Descarte used it as one of the first examples for his coordinate 
geometry. The origin is at the double point. We can construct 
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tht curv* by sul^traoting tk« rwtoxB from 6*, the allips«, t« 
G a straight liaa. D««oarts0 oon8lder«d only th« loop of tho 
curvo and oalled it tho folium, aad tho curro has boon slace 
kaown as tho oartooian folixm or tho Boooartos loaf (fig. 26) .* 




fig. 25. 



Violoitaor p51. 
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fig. 26. 
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Twt Other Types of Ratltaal Cubloe. 
If we oeaeidev all the curree ef the third order 
with a deuhle peint| we must mentiea neatien twe families ef 
curres* The first we shall call the nermal ourre ef the para* 
hela# Its ferm is similar te the tangent ourre ef L. Henkel. 
Let the equatiea equatiea ef the parahela P he 

(1) y% 2(x • k)p. 

Draw te eaoh peint A ef P the aermal V and out the ordinate of 
A with a liae through the origin parallel to N. The inter- 
eeotiOA P deecrihes the ourTe(fig«27)f 

(2) 2x - 2kx^^ pyt 




\ 



fig. 27. 

The curve is symmetrical te line OP, and has a double point 
at 0. It helonge to Newtens Divergent parabolas. The double 
point takes different forms as the position of P changes. If j 
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k s 0, it Is a ouspi and the cubic is Icnown as the Veil para- 
bola* 

The second type ef curre we get frem a circle K and 
a straight line by means ef a transfoinQatien# P^H.Shente in* 
restigated this curve and called it MaoLaurinA transf ermatien** 
Girea a curve E^ a line G, and three peints 0^ 0\ O*** A line 
threugh cuts K in q, G in R. Cenaect q with 0\R with 0*«iO'q 
and 0**R intersect in P which describes the curve. Hew take K 
a circle y on E, G, the perpendicular threugh 0. Let OB « b, 
OA » a. Let 0* be the infinitely distant point frem A, 0**, the 
infinitely distant point from B, we then obtain the construction 
in figtire 26 • Let angle qOB « e, and the coordinates of P are 
(IC) X ^bcese, y « atane. 

If a » b, the curve is known as the Versiera which Agnesi wrote 
about, and which was named by Guide Grandi in 1718. If a » ib, 
the curve was called the geometrical quadratrix by. Ozanini# 



''▼ieleitner p.58. 
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Chapter 4. 
Special Cases of the Cenchoid. 

In chapter twe we censidered the cenchold as a general 
case. Just as in chapter three we considered the special cases 
ef the cisseidy se in chapter feur we shall censider the special 
cases of the cencheld. Let G l^e a given curve^ aflxed point, 
to find the conchoid ef 0« We will take as the radius rector 
OP of a line RP s 1 mering with the constant angle 0?R z w. 
(fig« 29) To find the instant ee us center li, we will draw the nor?- 
xoal to at the point ? and the perpendicular to OP at 0^ the 
intersection will giro M. If is independent of 1 and w.* We can 
then say the normal of orery conchoid of a base curre G goes 
through the end of the polar subnormal of G« We will consider 
special cases of this construction, first taking G as astraight 
lino(fig« 29). To construct the center ef currature C for a 
point R which lies on OP at a distance PR » 1 from P, draw 
PH perpendicular to G, OH perpendicular to OP. II is the in- 
stantaneous center, Hlf the normal, 1CB is perpendicular to PM, 
PB • BA, N is the middle point of MA, MB* is perpendicular to 
UR, B*ir cuts the normal MR in C* V remains constant for all 
Talues of 1. 

We will now find the equation of the oblique conchoid 
described by the point R, when Gis a straight line* Wo know It 
will bo a quartic. If the distance ef the polo from G is 
00* w a, and if we place the rariablo angle OPO* ^ o, the ooor* 
dinates of R, considering as the origin, are 
*Wieleitner p .64 • 
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(1) X s aCtg« - lC08(wf«) 

y m *l8ln(w<^e) • 
Sllalnating • W8 g^t 

(2) (atyo#»w-(y*ay-l)8inw)s(xsinw^yco»wfac#sw) (1-y) 

•r 

h'. JTcr. y). 

¥• haT8 a quartlo with Xm% doubla p^lnta^Dc.and D*^ where the 

line A which goes threugh outs the hyperl:)ela R(fig« 31). 




7ig. 29. 
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In addition thtr« is a n«de at infinity in th« dlr^cti^n of 
a with tha aaymptetsa y ^^Isinw. Th« outt^ g^es through tha 
oiroular points. It ia thartf^ra rational and oiroular. Th« 
linea y» ^1 ar« horizontal tangants. Bttween thaao Ilea tht 
ourreli. Tht doublt point J> is alwaya a nodo; B* is oithar a 
nodo^ ouBPy or ioolatod point as tht rolatiro distance from 
a^w^ and 1. Tha lino PR enyelopes a parabola with foous at 0. 
is alao tht extraordinary foous of the conchoid, that is^ the 
asymptotes go throiigh it at the infinite pirctilar points. If 
we place x m ii(y 4 a) in (2)^ the coefficients of y and y 
yanish and the equation has two roots s & 0. 

If we let w s 0, we hare another special case. This 
gires the conchoid of Kicomedes whose equation is 

(3) xV'. (y ♦ afd". /)• 

This is the oldest conchoid. Its equation in polar coordinatea 

is 

(3*) P9 wl/bXtA 4 1. 

The two parallel asymptetos of the conchoid form the x axis. 

The curre is symetrical to the y axis^ D* moTos to 0. D is on 

the X axis at infinity. At there is a node, cusp, or isolated 

point as 1>, m ,<a. The form with the node is shown in figure 

30. One branch lies abOTO the x axia, another below, both are 

mussel like in form. 

Another special case is obtained if we let w - iTT« 

(4) (xy - y^- ay + f) « (x 4. y f afCl*"- y ) . 

This curTo(f lg.31) waa discoTorod by A. D{lrer, and was called* 
•▼ieloitner p 65. 
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tht ••MuBchellinie'*, A.Dflrer was born in Htlrnberg In 1525 • Tht 
double point D* is a n^da^ cuap, or iso slated point as 1>, -y^2a. 




fig. 30. 

If we let w s^-^TTin the equation (2), we get the curve 
of figure :52 with the equation 
(5) (y^f ay • fl r x^l""- y). 

This curve was invented hy J.Heuherg and was called the orthe 
conchoid of the straight line. Like the conchoid of Hichomedes^ 
it is symmetrical in form. It has two finite double points, 
the one at D alwaj'^s a node, D* always an isolated point located 
on the y axis with the ordinate y m -i(a ^/a^-*- 41*). Prom this 
we can see that the isolated point can n^vex fall at the pole 
0. 

Using the x axis as the f undamantal curve, we can 
gat the pole curve of conchoidal motion. The fixed path of the 
pole is the position of momentary canters 'If in the fixed plane 
U. For a given position of the moving line OP the coordinates 
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are 

(6) X m actga, y » •a/sin^e. 

Bllminating t 

(6») x^4 a(y 4 a) s 0. 

This l8 a parabola with aa rertex and 00* as axla* 




fig.31. 

The moTlng path of the pole is the Inrerae of the 
oenchoidal oonstructien. Giren a line OR and a fixed point P 
on the line* A right angle with rertex at moyea se that one 
leg always goes throiigh P, while a fixed point of the ether 
merea along OH. The momentary centary M is constructed in this 
way. If we take 0? as the n axis, and a line perpendicular at 
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P as the 8 axis 9 the coordinates of M are 

(7) s jr acese/sin^e, n ^ -a/sine. 

Eliminating e we get the equation of the mering polar path, 

(?•) aCs"^^ n*) « n • 




fig. 32. 

This quartio (fig«33) where P falls on 0* and the 
respect iye axes come together has a paralDola (6*), and all 
ttie points of the plane U* in y'hich (7*) lies describes a 
conchoid of the line 0*X. All points of the n axis describe 
Nicomedes* conchoid. The quartic ^7*) has an isolated point 
at 0* with the isotropic lines as tangents; at tho infinite 
point the s axis makes a tac*node with the infinitely distant 
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lln« as tangent. Its pslar aquation is 

p • a/sln^©. 
according to P« tannery this curve is the curve which Budoxus 
of Khidos called the **Kainpyla^«This was used as well as the 
conchoid of Vicomedes to solve the Dolian problem of the du- 
plication of the cube* 




fig. 33. 

We will find the trajectory of the point in U when 
the parabola roils on the Eampyla. The inverse of the K^mpyla 
ref ered to its middle point is the well known curve whose e- 
quatien is 



(8) 



e 



z asin^e. 
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or 
(8M 



(x t y ) 1 



ay* 



F. Mflnger named it the deuble egg oiarve(f lg.34) • This curve 
has a fourfeld pelat at the origin with .a fourfold tangent. 
Its polar equation is ^^ jr ia - iaoos20. 




fig. 34. 

Lot a*be a fixed line, a fixed point of the plane U. 
In the moTing plane U* let G be a fixed line and ? a fixed point, 
(fig. 35) Draw U* over U so that G always goes through while 
? remains on G*. To find the equation of the trajectory of a 
desired point (^ of the plane U*, we will let ^P - 1 and the 
angle that QP makes with the perpendicular PP*(»h) of G is W. 
With 0* as an origin, the coordinates of ^ are 
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(1) X s aotge f b/sin^ 4 l8ln^W-e) 
y jr -loo8(W4e) • 

Sllmlnating e, we get the equatien ef the trajectory, 

(2) (xyeinW i (y4ay-I^)coB▼-hl) - (xooflV-ysinW-asinW) (1-y) . 
This is a rational quart io, which is not very different from 
the curve (2) deecrihed before. If h & and ▼ - w-^tt, it is 
similar. 




fig-35. 

There are three inqportant cases of this motion, (1) 
when h V which is the conchoidal motion described before, (2) 
the case a « 0, the inverse of the conchoidal motion, (3) the 
case a « b, the so called symmetrical sliding motion* Ve will 
first consider the inverse of the conchoidal motion. From the 
general equation we get for the trajectory of a given point 
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the ourva 

(3) (xy8inV+{y-l*)oo8V-blf ^ (xooBW-ysinVfdV^ . 

Tha mat Ian is r tally the railing of a parbala on a Kampyla. 
Tha ourva (3) la symmatrlo with raapact ta 0; tha aquatian is 
not changed if x and y are Ibathr* changed in sign. It la aymetrio- 
al ta tha axaaanly if tha xy factor yanishes. Ta accompllah 
this sinY must equal O.PQ falls on 7P*. Tha curve has the e- 
quatian 

(4) (y^. I(b4l))"r x"(lV). 

If 1 - h, tha paint P' dascrllDas tha ourva 

(5) y(x% y) m hV; 

^^ 

(5^) p= hotgO. 

This curve was discavered hy O.van Outsohaven, a teacher of 
Descartes, and by J«Barrew(1670) • J4Auhr^ called it the Eappa 
curve** The curve can also he defined as the leous of the point 
of contact P* of the tangent of on the circle of radius h, 
whose center P moves on the x axis. The Kkppa curve has parallel 
asyiqptetes y r ^h, and at- the origin a tac-nede with the y 
axis as tangent. It is a rational circular quart io« (fig .36) 
▼e get the tac-nede at in equation (3) when the 
constant disappears or when IcosW « -h« That is always the case 
when Q lies en OP^. The trajecterier are the usual conchoids 
of the Kappa curve which are called oblique Kappa curves. If 
we let IsinW » 1^, equation (3) becomes 

(6) y(l*x • by)""* (bx - I'yXb^- l^-y"), 
or 

•Wieleitner p.74. 
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{6») p s botgO f !•. 

Fr«m thes« aquations wo can see that their are two ohliquo 
Kappa ouTTOs; for (6^ remains unchanged if we turn throut^h 
e - , and (6) changes if 1* changes sic^n. The ehlique Kappa 
curve is generated hy moving a fixed angle OC^P in such a way 
that a right angle 01^ moves along the ICappa curve. Q describes 
the curve. 




fig. 36. 

The Conchoid of the Circle. 
The motion descrihoi previously is called sliding 
crauik motion if instead of the fixed line G of the plane U^ 
we talce a fixed circle on which the fixed point of the plane 
U* covers, the line G slides thxoufryi 0(fig.37). The trajectories 
of the points of U* are curves of the sixth order. We are es- 
pecially interested in the case when P lies on 0(pp' s 0). 
The point P moves ©n the circle K, while goes through 0. 
The path of the point of U' ref ered to the pole is known as 
hte conchoid of the circle K. Allpoints of G describe the or- 
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diaary oonch^id of the cirole. We can specialise further and 
ooaeider the ease when lies en the oirole K(fig.3e). The 
curve generated is defined as fellews: en a circle K lies a 
peimt Ot On. each radius vector 0? meves a constant length Pq-1 
making a constant angle W with 0?. q descrihes the ehliquo 




Tig-37. 

conchoid. Xxtend PQ so that it cuts the circle in 0'« 7or each 

position of the radius vector 0?, 0* is a fixed point on K. 




fi/?.38. 

Then angle OPO* • ¥• «1T-W is constant when ▼ is constant* 
Xach olDlique conchoid of a circle ref ered to a point of the 
circle as a polo is an ordinary conchoid of the same circle 
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refer ad te aiiether peint en the oirouspherenoe. If we take 

OE (»r) as the pelar axis, the eqiaatien ef the lecue ef Q is 

(1) p 9 2roeee -f 1^ 

er 

(!•) (xS y^. 2rxr. l'(x% y*"). 

Te get the mementary o enter II draw a perpeadloular 
te a at 0^ a perpendicular te K at P, and M is the Intereectlea 
ef the perpendioulare. Rence the flxe4 pele Is the olrole aheut 
P with the radius 2r (flg.39). The curve (1> whioh Is called 
Pascal *s rell after its disoevereri Stephan Pascal, the father 
ef Blaise Pascal, can theref ere he generated if we let encircle 




fig. 39. 

rell en anether ef half its radius, se that they are always 
in centact. These curves heleng te the great family ef cycleids< 
Te lAYestigate the form ef the Pascal rells, we bring 
equatlen (1*) te the ferm 
(1#) (x'f yf • 4rx(x% /) - ((1^.4r)x"4. ly> n 0. 
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Th« origin is a n%dm far l<2r, a ousp for 1 -2r^ an isolatod 
point for V2i. To oonotruot tho oiirvo, uoo as a polO| lot 
? movo about tho cirolo and moaouro off on oithor oido of 0? 
Q and Q* at tho diotanoo 1* Q and Q* gonorato tho curvo* In 
figuro 40, 1<Zt\ in figuro 41 1 - 2r; in figuro 42^1>2r. In 
t9io oaso of tho ousp tho curvo is oallod tho oardiodo* According 




fig.40. 

to tho Plflokor f or mulao tho Pascal roll is ono of fourth class, 
( tho cardiodo of third) and has two points of inflection, (tho 
cardiodo nono) and a double tangent** 
•Wioloitnor pt89. 
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fig. 41. 
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fig.42. 
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conchoids •f C^nlo S^otl^ns. 
▼• will o^Asid^r •aly tw# special oases of ths osn* 
ohsid of the osnlo section. First we will let the pole be a^ 
the Tortex of the conic section. This has the iqoatiea 

(1) y^^^ 2px - (e^- l)x , 

where e is the esoentricity. 7or the ellipse p s -lD/a« In polar 

coordinates the equation heoomes 

(1«) fs 2pcose/(sine-qces'<d)^ 

where e - 1 « q« 

Thus the equation of the rertex conchoid of this conic section 

hecemes 

(2) ps 2pcese/(sine-qcosl^) 4* 1, 
or 

(2») (x% y^(y - qx^- 2px)'*"» l(y*"- qjt) . 

There is a fourfold point at the pole. If the foundation curre 
is an ellipse and the pole lies at the rertex of the major 
axiSy the conchoid, if l<2ay appears somewhat similar to the 
Pascal roll with nodes* In that case a circle about the pole 
with radius 1 cuts the ellipse in two real points only, two 
of the tangents at the fourfold point are also imaginary* If 
q » -1| we can diride out the factor, x^4 y^ and we get the 
equation of the Pascal form* If we take the pole on the minor 
axis, the circle about the pole with 1 as radius cuts the 
ellipse in four real points(f ig«43.) • Figure 44 shows the curre 
for the hyperbola* In the case of the parbola only two branches 
of the double point are real.* 
•▼ieleitner p. 106. 
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In the eeoond place ve will consider the conchoid 
of a foous* The polar equation of a conio section at a focus 
is 

(3) p? p/(lvecosO, 

and the polar equation of the conchoid is 

(4) p=^ p/(Ueoo»9) 4 1, 
and the cartesian equation is 

(4«) (x% y"- eix)^- (x% y)(p ♦ 1 - ox)""* 0. 




, .»' 



Tig.43. 

There will be a double point at the pole. If we draw a circle 
with radius 1 about the ipel«, we Imow^ that the double point, 
when the ellipse is the base ourre, is a node, if a*e>l>a-e, 
where e .^a^b^. Equation (4») shows that the tvo points where 
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the circle, x ♦ y - alx « 0, outs the line, p ♦ 1 - ex ■. 0, 
are double point b of the curre* Tigure 45 piottiree the focus 
conchoid of an ellipse* 



fig«44« 





flg.45 
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Chapter 5« 
The CurT00 in Thret DinenBions. 
In tht pr^Tious ohapter wm ham oonsidarad spacB 
of two dlmenolono, In thio chapter wo shall pass to throe dl^ 
mensiono and oonolder hrlefly olesoidal siirfaoeo and oioooid- 
al epaoe ourroo* Lot H be a circle of radius a, L a straight 
lino passing through the center of the circle* The pole is 
en a line perpendicular to the line 1 and at a distance h from 
C, the center of the circle* Wo can obtain the cissoid by sub- 
tracting the radii rectors from to IC, and from to L« The 




radius rector r from Oto L is hoosO where h is the distance 
from to L« The radius rector r'(from to U) can be found 
as follows* 

UA « r*sln9. 

UC « a. 
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CA « r'oo80 - h. 

Therefor* *»%lnft + h*4 roo»& 4 2r»hoo8» * a^ 

r* t h - 2r'hoo80 ^ &• 
Subtracting r* from r, we get the eqiuttion of the oiBSoid^ 



or (x% yV*aW+ y) • l«r" 

Rotate the olesoid about the x axis to get the oleeoidal 8ur« 

face I and the equation hecomee 

(x + y f z) • a(x f y 4 z) - h(y t «)• 

If we mare the line parallel to itself to a point 

between D and C, the ciesoid changes 8hape(f ig«47) and has 

the eqiAation, 



R s h'coeO - hcoeO fya^* haind, 
where h* is the distance from to L. h^h*^h-a< 




fige47. 

In rectangular coordinates the equation is 

(x^+ y • h^y 4 hy) « ta(xVy) • luce 
Rerolring about the x axis^ we p^et the equation of the surface, 
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(x V y -V z f li*)fy 4 z f hfy 4- z) » aar'^* ay 4 az - hx* 
Uore L| keeping it perpendicular to OC tuitll It la 
tangent to U at D, the oiasoid now has i^ut one lDranoh«7igf48« 




fig. 48. 

Its equation 1b 

R • -aooB© * Yfi^^- hBlii© 
or 



(x 4 y 4 z -I ayy"*"- z) m a * hx. 

In the Bame way we can more the line L In the oppo« 
Bite direction; the form of the resulting curveB are shown 
In figures 49 and 50. 




fig. 49. 
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flg.SO. 

We shall now oonelder the form of the clBsoldal 
eurfaoe which we ehall call pedal eurfaoes* Olren a circle C 
and a straight line L tangent to C and a pole 0« Drop a per- 
pendicular from to the tangent, intersecting the tangent at 
P« Let L move alDOut C and the point P descrihes a curve* 
Case 1« Let OC^ where a is radius of the circle* 

AOPX^ACAX, 
therefore LB «Ze« 

lOVX » 90* hy construction. 

/CAX «- 90^1 Radius perpendicular to a tangent of C« 
Therefore r/a » OX/CX »(h8in9 4 a)/a 

r ^ hsinO t a& 
or 

(x*'4 y - hx) m a(x% y ) • 
Rotate the curve about the x axis 

(xS y% z^. hx)^= a(x% y% £) 
See figures 51 and 52 • 
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Case 2. Let OC » a, that I0, is on the oirole, and we get 
the oiurve Imoim as the oardlode* (fig*53) 



fig. 51. 





fig.52. 




fig. 53. 

Its equatlonlls 
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(x ¥ y^- ax) « a(x ^ y)* 

The equation of the aurfaoe la 

(x 4. y 4 z - ax) « a(x ¥ y 4. a). 
Caae 3« Now let OC<a« fig«54. The eqijatione are as In oase 
1 hut here h<a. 




fig#54. 

Ca8e4 Let OC « 0^ that is, the pole colncldee with C and 

the curve generated will ooinolde with the circle. fig«55« 




fig.55. 

▼e will find the conchoid of the ellipse in the 
same manner as we found the conchoid of the circle. The equa«- 
tion of the vertex conchoid of this conic section is from chap- 
ter 4, 

(x3:+ y^Xy^. qx^- 2px)^« l^y^- qx*^V.. ' 
Revolve this curve ahout the x axis and the equation of the 
resulting surface is 
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(x 4 y 4 z)(y f 2 - qx - 2px) - l(y 4 z - qx). 

▼e shall oonolude by a brief oonslderatlon of the 
clesoldal spaoe ourres* TcJce the ourre xrl^^y^l^Zvl 
on the surface of a paraboloid* To generate a new curire, allow 
the line OP* passing throxagh the origin to move along the 
c\xrre. The points P* and P'* on this line at a distance a* on 
either side of the point of intersection P of the ciirre and 
th* moving line is 

x/lL » y/tm. z/1. 
The curve generated by the points P* and P** lie on the cone 
y^c X2^ since the equation of the line OP* satisfies the equa- 
tion of the cone« To get :t&%' equation of the generated cuxre, 
pondidte':the sphere (x - 1) 4 (y • 1) 4 (z - 1) • a« The e- 
quations of the desired curve are 

(x^. xV3f?)^4 (y • x^^y^'-v (z - x/yf« a" 

y^« xz. 

▼e will next consider the screw curve on the cylin- 
der ^ whose equation is 

X « acosu 

y m asinu 

z «. auctgcl. 

PP* M A*P*ctgd. 

PP(* « z. 

A«P* m au* fig. 56. 
If we generate a curve by allowing a line rlX* to move on the 
surface of the cylinder perpendicular to the curve^ the point 
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L* at a dlatanoe a from the ourre and the point L at a distance 
h generate a curve. The z coordinate remains the same^ the x 
and y are changed and the equation of the resulting screw ctirve 
is 

X c bcosu 

y tt bsinu 

z js auotgd* 

If we move the line parallel to the z axis the point 
L at a distance b generates a third srew curve whose equation 
is 

X « acosu 

y » asinu 

z m (a i b)uctgd* 




J^Kc--»X 



fig*56. 

If we move the line XL* at an angle k to the cylin« 
der^ the points I'and L* generate a pair of screw curves. The 
new coordinates as seen in figure 57 are 
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X* m X 4 8008U 

y* jr y -t sslnu 
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fig. 57. 

The eqvation cf the ourre heoomes 

X ■ (a •» 8)008U 

y a. (a 4 8)8inu 

z « auotgd 4 r. 

We ehall conclude the paper vlth the example ahove, 
hut it l8 evident that the oisaoidal constructions can produce 
not only a great rariety of plane curTes^ hut an equally great 
variety of surfaces, and an almost endlesv nvmher of space 
curves. 
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